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Abstract 

Representations of Quantum Groups Ue{gn), On any semi simple 
Lie algebra of rank n, are constructed from arbitrary representations 
of rank n — 1 quantum groups for e a root of unity. Representations 
which have the maximal dimension and number of free parameters for 
irreducible representations arise as special cases. 



1.) Introduction 



Deformations of semi simple Lie algebras [0, ^ appear as a common alge- 
braic structure in the field of low dimensional integrable systems. In many 
cases the deformation parameter is an A^-th root of unity, where can cor- 
respond e.g. to the number of states per site or to the lattice size in a two 
dimensional model. We will denote the deformation parameter by e, if the 
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parameter is an A^-th root of unity (A^ the smallest integer such that = 1) 
and by q in the general case. 

The theories of chiral Potts Q type models, which saw dramatic devel- 
opments in recent years |, |12|, |2^, are closely tied to the representation 
theory of the quantum group Us{sl{n^C)) in the case of e being an iV-th 
root of unity. The progress in the theories of chiral Potts models was partly 
stimulated by the better understanding of its deep connection to the repre- 
sentation theory of quantum groups. 

The representation theory in the case of e an A^-th root of unity is much 
richer than for generic g, and several deep results by De Concini, Kac, Procesi 



1^, |T^, and Lusztig pO|, |21|, 0, ^ exist, laying the foundations of the 
general representation theory in the roots of unity case. Also considerable 
progress has been made in directly constructing representations of quantum 
groups t4 Accelerated by the development of chiral Potts type mod- 
els, much interest was devoted to find non-highest weight representations of 
Ue{gn) 05 §5 1^5 0. Finite dimensional non-highest weight repre- 

sentations, which do not exist in the representations theory of Uq{gn), are a 
new interesting feature of the representation theory in the roots of unity case. 
Non-highest representations of minimal dimension play a role similar to that 
played by fundamental representations of Lie algebras [|10|- The free param- 
eters which are characteristic of non-highest weight representations appear 
in the form of spectral parameters in chiral Potts type models. 

In this article we will show, that starting from an arbitrary representation 
of Us{gn-i) one can construct a representation of Ue{gn)- The Lie algebras 
gn and gn-i will usually, but not always lie in the same series of Lie algebras. 

De Concini, Kac |T^ showed that the maximal dimension and number 
of parameters for representations of U^ign) for odd A^ is given by A^^^^S") 
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and dimgn, respectively. In this expression A+(5f„) (= l/2(dim5f„ — n)) is 
the number of positive roots of the Lie algebra Qn- We use here and in the 
following the term dimension of a representation to denote the dimension of 
its representation space. The representations which will be constructed in 
this article, are of dimension greater than or equal to 

^A+(g„)-A+(g„_i)_ 

For e- deformations in the case of the y4„, C„ and Dn series such rep- 
resentations will be given in Section 3. The exceptional Eq, E-i, Eg, F4 and 
G2 cases of quantum groups are discussed in Section 4. The number of 
free parameters in all constructed representations is greater than or equal to 
2(A+((7„) — A+(5f„_i)). Representations of maximal dimension and number 
of free parameters arise as special cases for odd N and are discussed in section 
5. These representations coincide with the maximal cyclic representations of 
Date et al. |T^ in the An case, and with the representations of |^ in the 



Bn, Cn and Dn cases. Conclusions are given in section 6 and in the appendix 
two relations which are important for the construction of representations in 
the case of Uq{Es) and Uqi^F^) are written down explicitly. 



2.) Definition of Uq{gn) 



In this article we will use the definition of quantum groups given by the 
relations among its Chevalley generators. The quantized universal envelop- 
ing algebra Uq{gn) of a semi simple Lie algebra Qn of rank n is generated by 
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4n Che valley generators {e^, /i, } which satisfy the commutation relations 



tet-^ 



f .f. 1 — tr^t- = 1 



(1) 
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and the Serre relations 



1—aij 




E 


i-iy 






l—aij 




E ( 


v=0 



1 — a 



1 — Oi 



i JjJi 







(2) 



The matrix is the Cartan matrix of the Lie algebra Qn, di non-zero integers 
satisfying dittij = djaji. The g-Gaussian is given as 



m 
n 



\m\ 



[m - n]q\[n\qV 



H.! = n 



— q ^ 



q . . .. j = l <1-<1 

and the curly bracket is defined by {x}q = {x — x~^)/{q — q~^). Further, we 
extend the algebra by adding the elements ty^, k E Z. In case we specialize 
g to be a primitive iV-th root of unity the letter e is used instead {e^ = 1). 
We will not make use of the Hopf algebra structure of Uq{gn). 

Some of the results in this article are most conveniently given in terms of 
Weyl algebra generators. The Weyl algebra W is defined by the commutation 
relation among its two generators z 



xz — qzx 



(3) 



We denote hy W a. copy of this algebra with generators x, z. 

In the roots of unity case one can define a dimensional representation 
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o'gh '■ W End(C ) of W, depending on the two parameters g, h, by 
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We will retain the notation agh also for representations of tensor products of 
Weyl algebras W . In this cases the letters h denote the set of parameters 
g := {gi, . . . ,gi} and h := {hi, . . . , hi}, with / the number of W algebras in 
^i<i<iWi. 



3.) The An,Bn,Cn and Dn series 



In this section we want to demonstrate how one can construct, starting from 
an arbitrary representation of a quantum group Uq{gn-i) a representation 
of Uq{gn), in the cases of the and Dn series of quantum groups. 

The next section will be devoted to the more complicated case of exceptional 
quantum groups. As a first step we investigate the algebra lJq{gn-i) which 
is defined as the algebra given by Uq{gn) generators jFj, (1 < i < n — 1) 
and £i,T^^, {1 < i < n) which satisfy the defining relations Rep- 
resentations of algebras Uq{gn-i) arise immedently from representations of 
Uq{gn-i), and in turn representations of Uq{gn) itself will be defined in terms 
of Uq{gn-i) representations. This will be discussed in the following. 

The Cartan matrices in the 5„ and Cn correspond to Dynkin diagrams 
with the first root being the shortest or longest root, respectively. For the 
Dn case we fix the notation in a way such that the Dynkin diagram nodes 1 
and 2 are both connected with node 3. The integers (ij = 1 for 2 < i < in 
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all cases and di = 1, 1/2, 2, 1 in the An, Bn, Cn and Dn series, respectively. 

Lemma 0.1 Let {fi, e^, ti, t~^} (i = 1, . . . , n— 1) be the generators ofUg{gn-i) 
and {£i,Ti,%~^} [i = l,...,n), {J^i} {i = l,...,n — 1) the generators of 
Uq{gn-i)- Then one obtains an algebra homomorphism p from Uq{gn-i) to 
Uq{gn-i) by taking p{J^i) = fi, p{Si) = e^, p(7;=^^) = tf ^ (i = 1, . . . , n - 1) 
and p{En) — 0. The action of the algebra homomorphism p on the generators 
depends on the complex parameters A„ and is defined by 

q^"'ntr for Uq{An-l) 

i=l 



PiTn) 



- 1 - 

q'" n t-' for Uq{Bn-i) 

1=1 

_i n-l 

q^-h~' n for Uq{Cn-l) 
1=2 

q^'-h^h^^Yl for Uq{Dn-^) 



i=3 

The above algebra homomorphism p can be extended to define represen- 
tations of the quantum group Uq{gn)- The above lemma, together with the 
theorem below shows how any representation of Uq{gn-i) gives rise to a rep- 
resentation of Uq{gn) in the An, B^, Cn and D„ series. 

Theorem 0.2 The following formulas define algebra homomorphisms p from 
the quantum groups Uq{gn) to {®iW) ® Uq{gn-i), for gn the An,Bn,Cn and 
Dn series of semi simple Lie algebras. The composition tt := {ugh <S> id) ■ p 
defines an algebra homomorphism in the roots of unity case. 



n — 

a.) p : Uq{An) ^i^Wi)^ Uq{An-l) 

i=l 

p{fi) = {zi-iZi^}xi + x~\xiTi-i, p{ei) = {ziZl^{Ti\xl^ + Si 
piti) = Zi\z1z;^^% 
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b. ) p : Uq{Bn) ^{®Wi) ®( V Wi) Ug{Bn-i) 

i=l 1=1 

P(ei) = {ziZ-_\5,:i\5,2^,-i^7:}a;-i + {^.^r^^T^jxri + f^, (i > 1) 
p(ei) = {2;}^^Z2"^Ti}^i/2X^^ + £^1 

p{ti) = Zl^^z1zl\zl\z1z-^^%, {i > 1), p{ti) = Z2^ZiZ2^Ti 

c. ) p : ^ ( d (8)(V m) (g) C/,((:7„_i) 

i=l 1=1 

p{fi),p{ei),p{ti) as in the case {i > 1) 

P(/l) = {ZlZ2'^}q2X2'^Xixl + {2;252"^}.T2"\ti,T2 + {z^Z^'^} f^zXi + X2"^X2-^i 
p(ei) = {zlz2'^Ti}q2X^^ + £i, p{ti) = Z2^Z^Z2^Ti 

d. ) p : UgiDr,) ^i^Wi) (8) C7g(£'„-i) 

i=l i=l 

p{fi) , p{ei) , p{ti) as in the Bn case {i > 2) 

p(/l) ^ {z3Zi^}xi + {Z2Z^^}X3X^^X1 + X3 ^Xi^a ^^3^2 
p(/2) = {Z3Z2^}X2 + {ZIZ^^}X3X'^^X2 + X^^X2X^^XsTi 

p(ei) = {2;i53"^Ti}a;]"^ +£^1, p(e2) = {^253"^'72}x2"^ + ^^2 
= ^s'^^i^a'^^i' P(^2) = z^^zlz^^T2 . 

In these formulas expressions of type xi ® Tj were abbreviated writing xiTj. 
Further, we set J^q — Q and xj^ — xj^ — 0, Zi — Zi — 1 if the index i is out 
of range. 

Taking Ue{gn-i) in an arbitrary representation p', then the algebra ho- 
momorphisms tt becomes a representation tt' of dimension A^^'''(S")~^'''(9"-i) 
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times the dimension of p' . The number of free parameters in it' becomes 
2(A+((7„) — A+((7„_i)) plus the number of free parameters in p' . 

This theorem can be proven by directly verifying the defining relations of 
the algebras. We omit the details of these calculations. 

Remark 0.3 Representations with dimensions equal to A^^^(9")~^'''(sn-i) g^^^j 
2(A+((7„) — A+((7„_i) + |) free parameters are obtained by taking the trivial 
representation pg of Ue{gn~i) (Po(ei) = 0,Po(/i) = 0,Po(ti) = 1, 1 < i < n-1) 
to define p in lemma p.l| . In the case of the resulting representations 

tt' are minimal cyclic representations ^ ^, |l^, |12|. Further representations 
of dimension A^^^(9")-^^(9"-i) were discussed in the quantum S0{5) case in 



and for quantum 5*0(8) in 111 



Remark 0.4 The algebra homomorphism vr defined above for the An series 
is cyclic in the sense that the Chevalley operators in the algebra homomor- 
phism TT to the power of are non-vanishing scalars for generic values of 
parameters. The explicit expressions are given in the following formulas. 



^\^^) ~ (^q_ ^-^\N y-i+l ^ 

These formulas also show that restricted representations (n'^fi)^ = 0, n'^Ci)^ - 
0,7r'(fcj)^ = 1), as well as semi-cyclic representations (either Tc'lfi)^ = or 
7r'(ej)^ = 0) can be derived from the cyclic representation by specializing 
some or all of the free parameters. Cyclic and semi-cyclic representations of 
Us{An) in dimensions higher than the minimal dimensions were discussed in 
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Theorem ^]2| allows to construct a representation of Uq{gn) from represen- 
tations of smaller rank quantum groups Uq{gn-i) with Qn and Qn-i being Lie 
algebras of the same series. To show that they need not to be necessarily 
from the same series we present as an example how a representation of UglC^) 
follows from a representation of Uq{A2). We define Ug{A2) to be the algebra 
given by the generators £i, T^^^, {i = 1, 2, 3) and JF2, JF3 of a Uq{C-i) algebra. 



Similarly to |0.1| one can give an algebra homomorphism p from U'{A2) to 



Uq{A2) by setting p{Si) = 0, p{Ti) = q^^t^'^^^t2^^^ and the other generators 
equal to Uq{A2) generators. 

Example 0.5 The map p : Uq^Cs) ((g)f^i Wi) (g) Ug{A2) given below, de- 
fines an algebra homomorphism. The composition vr := {cgh (S> id) ■ p gives 
an algebra homomorphism in the roots of unity case. Taking 0^(y42) in an 
arbitrary representation p' one obtains a representation vr' of [/^(Cs) with 
dimension times the dimension of p'. Twelve free parameters arise from 
taking representation agh of ((8>f=i Wi) and further free parameters can arise 
in the representation p'. 

P(/i) = {Zl^}q^Xl 

P(/2) = {Z2Z4;^}X^^X2X4, + {Z3Z^^}X^^X4,X5 + {zlz2^}x2 + Xj^^Xg J'a 

P(/3) = {2;52;6'^}a;^^X3Xj^X5X6 + {zlz^^}x2^X3X5 + {^2^3'^}^3 + X^^XgX J^X6J^2 

p(ei) = {zlz2'^zlz^^ZQTi}q2X^^ + {zlz^^ZQTi}q2X^^ + {zlTi}q2XQ^ + Si 

p(e2) = {z2Z^''z^^zIzq'^T2}x2^ + {z^z^^Tijx^^ + £2 
pies) = {z3Z^^Ts}x^^ + £3 
p{ti) = z^z^^z^z^^z^Ti 

/i \ _ -2 2 -1 -2 2 -2/7- 
P[t2) — Z^ Z2Z^ Z^ Z^Zq I2 

Pih) = Z2^4Z5^'^3 
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4.) The exceptional Eq, Ej, Eg, F4 and G2 quantum groups 



So far we did not describe the actual construction method which leads to 
the algebra homomorphisms which were given in the previous section. The 
procedure will be outlined in the following in the cases of the exceptional 
quantum Lie algebras and the An case will appear as an example. 

The construction method is based on a set of relations in Uq{gn)- The 
relations needed the derive algebra homomorphisms of quantum Lie algebras 
in the E^^Ej, Eg and F4 cases are given in the following. We denote divided 
powers of fi generators ///[j]! by f^-^K 

Relations 0.6 In Uq{gn) we have the commutation relations (compare [|13|, 



(^) 






(u) 




in) ^ fjf^^f(^^^'\-j,+j, + 1]^,^ + #-^)/(^^+^)/,, 




if = 




(iii) 




in) Ah) _ Ah-2) Aj2+i) Ah+2)r ■ , ■ I 11 , 

i Jk - Jk Ji Jk [-J2 + J3 + J-Jg2 + 






i Jk [-Jl + J2 + ^\ + Jk Ji Jk [-Jl + J2 






.{j2) jih+2) if a-ki = —'^^O'ik = —1 


(iv) 


e^f^'^ = 




(v) 


t-f^'^ - 


n-J°-ikdi Ai)-4. 


(vi) 


Mi'^ = 


= #i^and #)#) = #^#) ifa.. = 0, 








vii) 


relation in lemma p.l4|, appendix (used only in the Eg case) 



[via) relation in lemma p.l5| , appendix (used only in the F4 case) 
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We will use the above relations to commute single generators /j, Cj and U 
through monomials of / factors of type 

ft^---fi!'^ (4) 

(/ = A+(5f„) — A+(5f„_i)). We say a generator /j, Cj or ti commutes with such 
a monomial if the multiplication of the generator on the monomial from the 
left gives a sum over monomials of the same type multiplied by a single or 
none generator from the right. In this sense we say that fi commutes with 
the monomial fk^^fi'^^^ according to relation [iii) in if aik = aki = — 1. 
One can find monomials with / factors for all quantum Lie algebras Uq{gn) 
which commute with all of its generators. Moreover, the relations ^]6| will be 
sufficient to commute the generators of Uq{EQ),Uq{Ej),Uq{E^) and Uq^F^) 
with monomials in the corresponding algebras. The Uq{G2) case will be 
treated separately. 

Commuting a generator s G {fi,ei,ti} with a monomial of type using 
exclusively the relations we denote by Te[{sf^^^^ ■ ■ ■ fi^''^)- To apply rela- 
tions p.6| in this way will be the first step in a construction procedure which 
leads to representations of Uq{gn) in the exceptional cases. 

The second step introduces the Weyl algebra generators. We shall give a 
rule fl which applies on expressions of the following type 

wherein the integer quantities ji, ■ ■ ■ ,ji are regarded as "free variables" and 
Tfc, ttA: £ N, 1 < < /. The factor s is either 1 or a single Uq{gn) generator 
fm,em,t^, (1 < m < n). If a,b are two expressions of type (|^) and /? 
a rational function in q which does not depend on the j^'s, then Q satisfies 
Q{a+b) = Q{a) + Q{b) and Q{l3a) = i3Q{a). The rule Q applies on expressions 
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according to the following assignment 

n : qr^n+-+ra, fUi+»i) . . . f^^^+^'^^s ^ z{'^ ■ ■ ■ xTz^^'S . (6) 

If s = em,tm^ then S = l,J^rn,Sm,T^^, respectively. Capital Si,J^i 

and T{^^ are generators of a second Uq{gn) algebra, and will generate in the 
coming examples the algebras Uq{gn-i)- 

To illustrate the working of the above two steps in the construction proce- 
dure of an algebra homomorphism we consider the case of section 3. 

Example 0.7 The expressions for the algebra homomorphism p from f/g(A„) 
to Wi ® ■ ■ ■ (8> Wn ® Ug{An-i) in theorem ^]2| can be constructed in a unique 
way using relations p.6| and Q. If one defines y to be 

then the formula for p{fi) in theorem p.2| , a.) is given by f2(rel(/j?/)), using 
relations {vi,ii) in |0]^ and (^. Similarly, one obtains p(ei) = i7(rel(ei?/)) 
and p(ti) = Q{Te\{tiy)) , using the relations {iv,v,vi) in |0]^ and (||). The 
monomial y which is used to construct the algebra homomorphism p in the 
Uq{Bn) and Uq{Cn) case (theorem |0l2| , b.), c.)) is 

„, _ f (jl) f O'a) f(in-l) c{jn) rUn+l) f{j2n-l) 

y — Jn Jn-l'''J2 Jl J2 ' ' ' J n > 

and a similar monomial 

„, _ f (il) fin) f (in-l) J-On) fUn+l) f {j2n-2) 

y — Jn Jn-1 J2 Jl Js Jn ' 

is used to derive the algebra homomorphism in the Uq{Dn) case. 

We start the investigation of the exceptional quantum Lie algebras with 
the Uq{EQ) , Uq{Ej) , Uq{Eg,) cases and define the following numbering of the 
nodes in the corresponding Dynkin diagrams 
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2 3 4 5 6 7 8 



The integers di are equal to 1 for all i. Let us introduce the algebra (/'^{D^) be- 
ing generated by Ti^2, € Ug{EQ). Similarly, one can define Ug{EQ) as 
J^i^7, £i, Tj^^ G Uq{Ej) and Uq{Ef) as given by the generators J^i^s, G 
Uq{Es). Algebra homomorphism p in case of these algebras arise analogously 
as in lemma p.l| by taking 

p{Ts) = q^%H,H^%%hftf\ 

respectively. 

Let us abbreviate monomials of generators in Uq{gn) of type 

xO'fe) fUk+l) fUk+l-l) r(jk+l) 

Ji Ji±l ' ' ' Ji±l^:l Ji±l 

by fii£i. Using this notation we define the following monomials in Uq{EQ), 
Uq{Er) and Uq{Es) 

n, — f O'l) f Os) Ak) Ah) Aha) Aiu) 

ye — Jes Ji Jm J25 Ji ja2 

_ fO'i) Ah) Ah) /(ill) Ahe) Ahi) Aiw) Ah\) Ahs.) Ahi) 

y7 — J73 Jl J¥I J26 Jl J45 i34 J23 Jl J47 

— fih) Ah) /(is) Ajw) fUw) r{j2o) Ahi) r{j2e) /■(i29) /-(iao) fUaa) /(iss) /(iag) 

yS — J83 Jl J48 J27 Jl i46 i35 i24 Jl J 42 J 53 J 64, Jl 

f (i40) /■(i46) I-ijsi) f{j52) 

J 72 J 84 Jl J 38 

(7) 

Similar to example p.7| one can obtain the expressions for algebra homo- 
morphisms in the case of Ue{EQ),Us{Ej) and Ue{Es) by using relations ^]6| 
and Q. 
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Theorem 0.8 The following expressions define an algebra homomorphism 
p in the case of the quantum groups Uqi^E^), Uq{E-j) and Uq{Es). The com- 
position 71 := {cTgfi ® id) ■ p defines an algebra homomorphisms in the roots of 
unity case. The mappings p are defined by 

e6.) p : Uq{E^) ^ ( i W^^) ® U'^{D^), 

k=l 

e7.) p : Uq{Ej) ^ ( | W^,) ® Uq{E^), 

k=l 

57 — 

e8.) p : UqiEs) ^(^Wf,)® Uq{E,), 

k=l 

pU'i) = ^ij^^KfiVn)), piei) = n{Te\{eiyn)), 
p{ti) = f2(rel(tj?/„)), Vi, and n = 6, 7, 8 

Taking U'^{D^),Us{EQ),lfe{Ei) in an arbitrary representation p' , one obtains 
representations tt' which dimensions are given respectively by N^^ , N'^'^ and 
N^"^ times the dimensions of p' . The number of free parameters of the repre- 
sentations tt' is 32, 54 and 114, respectively plus the number of free parame- 
ters in a representation p' . 

The remaining two cases of exceptional Lie algebras are discussed in the 
following theorems. We fix the numbering of nodes in the Dynkin diagram 
for the F4 case as 

The integers di are defined as di = d2 = 2,^3 = d^ = 1. We write U'^^B^) 
for the algebra generated by J^i^Ai^uT't'^ £ Uq{F/^). Similarly to lemma 
p.l| one can give an algebra homomorphism p in the case of lJq{B^) start- 
ing from Uq{B?^ and defining p{T^ = q^-^ti^^'^t2^t^^^'^ . Using of the re- 
lations p.6| and the operation Q in the ^4(^4) case, one can again define 
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the algebra homomorphism in a short way. Let 1/4 denote the monomial 

„, _ -f O'l) f O's) fUe) fUg) Aji2) fUia) 
y4 — Jl4 J2 J3I i24 J2 J3I ■ 

Theorem 0.9 The following expressions define an algebra homomorphism 
p from Uqi^F^) to Wi ® ■ ■ ■ W15 ® tJ'^{B^) in a unique way and by composition 
with Cgh an algebra homomorphism in the roots of unity case. 

f.) p:U,{F4)^Ciw,)(»U'q{B^s) 

i=l 

p{fi) = n{rel{fiyi)), p{ei) = n{rel{eiy4)), p{ti) = fi(rel(ti?/4)), \/i 

Taking U^lB^) in an arbitrary representation p' one obtains a representa- 
tion tt' of dimension N^^ times the dimension in p' . The number of free 
parameters in tt' is 30 plus the number of free parameters in p' . 

Let G2 be defined by the Cartan matrix with an = 2, ai2 = —3, 021 = —1 
and 022 = 2. The integers di are given as di = 1,^2 = 3. In the following 
U'g{Ai) is defined by the Uq{G2) generators JF^, £^1, £^2, '^i^^, 7^^^. In analogy 



to lemma |0.1| one can easily give a corresponding algebra homomorphism p, 



starting from U'q{Ai) and taking p{T2) = q^^ti^^^. 

Theorem 0.10 The following formulas define an algebra homomorphism p 
from Uq{G2) to Wi ■ ■ ■ ® U'^{Ai) and by composition with Cgh an al- 
gebra homomorphism it := {ogh ® id) ■ p in the roots of unity case. 

g.) p:Uq{G2)^{®Wi)®U'q{A^) 
Pi.fl) = {z\z^'^}Xi'^X2^X'ix\ + {z4Z^'^}Xi'^X2^x\x^ + {x\X'^^''}Xi^X2X^ + 

{z2Zl^}{q^}Xi^ X^Xa + {zlz2^}x2 + X^^ X2^ XaX^J^i 
PU2) = {zi^}q3Xi 

p(ei) = {z2Z3;^z^^zlTi}x2^ + {zAZ^^Tijx^:^ + Si 
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p(e2) = {zlzlzlz^hfT2}^,xi^ + {zlzlzfT2}q.x^^ + {^Tajgsx^^ + £2 
p{ti) = zfzfzfzlzlr^ 

p{h) = Zlzlzlz2'zf% 

Taking lJ'^{Ai) in an arbitrary representation p' one obtains a representation 
Tx' which dimension (number of free parameters) is (10) times (plus) the 
dimension (number of free parameters) of p' , respectively. 



5.) Representations of maximal dimensions 

The representations constructed in section 3 and 4 depend on the arbitrary 
representations p' of the corresponding lfe{9n-i) algebras. In this section we 
want to show how a natural choice of this representation of f4((7„_i) leads 
to representations of f/^ ((?„), which have maximal dimensions and number of 
parameters for odd A^. 

Irreducible representations of quantum groups Ue{gn) in the roots of unity 
case exist only in dimensions smaller than or equal to A^^^^S") and the number 



of free parameters is maximally dim((7„), for odd ||T5[. The simplest rep- 
resentation of this type is the non-highest weight representation tt' := ■ p 
of Us{Ai) which is defined in terms of Weyl algebra generators by 

p{f) = {z~'}x, p{e) = {e'^z}x-\ p{t)=e'^z'. 

Representation tt' has dimension and the map (Xgh together with the com- 
plex parameter Ai gives rise to the 3 free parameters of the representation. 
Starting from this representation one can step by step construct represen- 
tations of higher rank Lie algebras, using inductively representations p of 
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Us{gn-i) and representations n' of Ue{gn)- A representation of Ue{gn) ob- 
tained in this way will have 2A+(5f„) number of free parameters induced by 
the free parameters of the mappings cTgh and in addition n parameters Aj 
coming from the definition of p (see e.g. lemma p.l|) . Also, the dimension 
of such a representation is induced by the map agh and adds up to N^'^^^^K 
This gives rise to the following theorem. 

Theorem 0.11 Using inductively the representations of theorems \U.^^U.1(J{ 

to define representations ofUi;{Ai), ■ ■ ■ ,Us{gn-2) ,Us{gn-i) one obtains rep- 
resentations of Ue{gn) which have maximal dimensions and number of free 
parameters for odd N , in all cases of semi simple Lie algebras gn- 



Remark 0.12 In the case of Ue{An) one obtains the maximal cyclic rep- 



resentations of |T^. In [jT3[ it is also proven, that this representation is 
generically irreducible. In the case of quantum 5*0(5) irreducible representa- 
tions of maximal dimension were obtained in 0. For the general -B„, C„ and 
Dn series the representations of maximal dimension of theorem p.ll| coincide 
with those in ||2^, for which the irreducibility for odd was established in 
the simplest examples. 



Remark 0.13 The construction of algebra homomorphisms and represen- 
tations for Uq{gn) was based on the action of the generators ei,fi,tf^ on 
monomials of length A+((7„) — A+((7„_i). Such monomials were defined e.g. 
in example and in (|^). Adjoining these monomials according to the in- 
ductive procedure of theorem |0.11| gives monomials fj;^^^ ■ ■ ■ f^^''^ of length 
/ = A+((7„). In all cases of quantum Lie algebras discussed above the order- 
ing in these monomials corresponds to the ordering of simple reflexions in a 
longest element in the Weyl group of gn- 
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6.) Conclusions 



Starting from an arbitrary representations of Uq{Ai) one can construct rep- 
resentations for all higher rank semi simple Lie algebras by "adding" the ad- 
ditional generators which arise with the adding of a new node to the Dynkin 
diagram. The dependence of the constructed representations of Ue{gn) on 
the algebra Us{gn-i) results in representations of quantum groups in dimen- 
sions greater than or equal to A^^^(5'n)~A+(5in-i)^ Only comparable very few 
representations in such dimensions were previously known. Even more repre- 
sentations, especially highest weight representations of Ue{gn) can be found 
by specializing some or all of the free parameters. Although, the constructed 
representations do not yet lead to representations of quantum groups at e an 
A^-th root of unity in all possible dimensions for irreducible representations, 
one could hope that this problem might be settled in the future. 

The minimal and maximal cyclic representations of f/e(A„), which are 
both special cases of the above described representations are basic alge- 
braic structures related to the generalizations of the chiral Potts model in 



13, 24 . The next step is to find statistical models related to representa- 



tions of the other e-deformed Lie algebras Qn discussed above. In analogy to 
the Uq{sln) case one would expect that starting from the affine extension of 
an e-deformation of an arbitrary semi simple Lie algebra Qn one could find 
algebraic varieties which determine relations among the spectral parameters 
to allow the existence and the construction of the intertwining i?-matrix of 
two representations. This article is meant to be a small contribution to the 
research going in this direction. 

But applications of roots of unity representations are not restricted to chi- 
ral Potts type models. Many further applications are found to lie in the 
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development of other integrable models, conformal field theory (e.g. fusion 
rules), and areas in mathematics such as the representation theory of affine 
Lie algebras or the theory of semi-simple groups over fields of positive char- 
acteristic. 

Acknowledgement I am greatly indebted to M. Jimbo and T. Miwa for 
many discussions and their steady interest in this work, and to the Research 
Institute of Mathematical Sciences, Kyoto University for its kind hospitality. 



7.) Appendix 

In the case of applying the construction procedure of section 4 to derive al- 
gebra homomorphisms for Uq^Eq), Uq{E-j) quantum Lie algebras only Uq{A2) 
type relations in |0.6| were necessary. For the construction of representations 
in the case of and F4 it is necessary to use two further relations in Uq{Es) 
and Uq{F^). 

Lemma 0.14 Let /!,...,/§ be generators in Uq{E^). Then the generator 
/i commutes with the monomial /P'Vs^'Vs^'VP'VF'VP'Vf 'Vi^'VP'^ «s 
following 

f Ah) Ah) Ah) Ah) Ah) Ah) Ah) Ah) Ah) _ 

JlJA J5 is i4 Jl Ji J5 is i4 — 

f (ii-1) f (i2-i) i-Oa-i) ..04-1) Ajs) Ah+i) Ah+i) Ah+i) Ah+i)) r . 

J A is is i4 il i4 i5 is i4 il "T 

f Oi-l) f O2-I) rOa-l) /■O4-I) /-(is+l) f (i6+l) f O7+I) f 08+1) ^09+1) r I I I 1 1 I 
i4 is is i4 i 1 i4 is is i4 [^JS + J6 + J9 + J^J + 

^p.-l)^0.-l)^03-l)^p4)^0a+l)^pa+l)^^^^^^^ + 1] + 

#-'Vs^^'^~^Vi^'^-^Vi^'^VP^^^Vl^'^Vs^^'^^'Vi^'^-^^^^ + 1] + 

/Oi-i) /O2-1) /O3) /O4) /O5+1) /06+1) /O7+1) /Os) Ah) \ „■ I „■ I 1 1 I 

i4 is is i4 il i4 is is i4 [^JS + J7 + J-J + 

/Oi-i) Ah) Ah-T-) fUi) xOs+i) /Oe+i) fih) /Os+i) rih) r o 1 o 1 1 1 1 

i4 is is i4 il i4 is is i4 [~J2 + Js + -LJ + 
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^V^'^Vi^'^VP^-'Vi^^'^^'VP'^^'Vf + 1] + 

f{ji) Ah) Ah) Ah) fO's+i) Ah) Ah) fiJa) Ah)\ ■ ^ _i_ ^- _i_ il 
74 75 73 74 7l 74 75 73 74 L-Jl - J4 + J5 + J-J 

The proof of this lemma is solely based on the 742-type Serre relations which 
define the commutation relations among the /j generators. 

Lemma 0.15 Let /i, • • • , /4 he generators of Ug{F4). Then the action of /a 
on the monomial fi''^ fi''^ fi''^ f[''^ fi''^ fi''^ fi''^ fi''^ fi''^ fi'^'^ ft^ is given by 

f Ah) Ah) Ah) Ah) Ah) Ah) Ah) Ah) Ah) Am) Ahi) _ 
J3J4 is J2 Ji Ja J2 Ja J4 Ja J2 Ja ~ 

f (ii-i) f (i2+i) Ah) Ah) AJs-i) fih-^) Ah-^) fih) Ah+i) ^ (iio+i) j-On+i) f , 

Ji Js J2 Jl Js J2 J3 J A Js J2 J3 J4 "T 

^(..-i)^a.+i)^03)^U)^(.5-i)^^^^^^ bn + J9 + 1 - is] + 

f O'l-l) f O2+I) /•O3) fUi) Ah-i) f Oe-l) f 0» f Os+l) Ah) /(iio+l) /(in + l) r ■ I 1 „■ 1 I 

74 7a 72 7i 73 J2 Is h h J 2 h Uii + J- - J7J + 

/(i2+i) /■(is) /■(i4) /■(is) /■Oe) Ah) /(is+i) /■(ig) /■(iio) /■(iii)r ■ ^ 1 ^ 1 n 1 
74 7a 72 7i /a 72 Ja 74 /a 72 /a [~J5 — J7 + Js + -i-J + 

Ah) /O2+1) /■(is) /(i4) /(is) Aja) Ah) Ah) Ah) Aho) /(iii)r • , ■ ,11 
74 73 72 7l 73 72 73 74 73 72 73 [-Jl + J2 + -I-J 

The identity of this lemma was obtained using the commutation relations 
among /j generators with terms f^"* in the cases of Uq{A2)^ Uq{B2) and 
UqiC^). 

With the help of the above lemmas it is possible construct the representa- 
tion of U^{Es) and Uq{F^ in section 4. 
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